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Abstract—Realization of uncertainty of prices is captured by
volatility, that is the tendency of prices to vary along a period
of time. This is generally measured as standard deviation of
daily returns. In this paper we propose and investigate the
application of fuzzy transform and its inverse as an alternative
measure of volatility. The measure obtained is compatible with
the definition of risk measure given by Luce. A comparison with
standard definition is performed by considering the NIFTY 50
stock market index within the period Sept. 2000 - Feb. 2017.
I. INTRODUCTION
The value of financial instruments is subject to change over
time. Because of that, risk can result into possible losses due
to price fluctuations. Risk associated to uncertainty of prices
is a feature to keep under control in almost all activities,
including trading strategies, portfolio management, and asset
allocation. Although uncertainty is driven by factors external to
markets, such as investor sentiment, economic fundamentals,
macroeconomic environment, future expectations, etc., the way
it affect the dynamics of prices represents the source of risk
we are considering in this context.
Among the different ways to look at risk, volatility of asset
prices is widely accepted as a realization of the uncertainty in
financial markets. Volatility refers to the degree of price fluctu-
ations. Volatility is not directly observable. It is a tendency of
price to move and different definitions have been proposed in
order to measure it. In the context of this paper we will refer to
historical volatility, that is the realized volatility of a financial
instrument over a given time period, against implied volatility,
that is an estimation of volatility in the future looking at the
price of options.
A common measure of historical volatility is defined as
standard deviation of returns, that is obtained by variance
ϑ = E[|r − µ|2] (1)
where r represents the returns over a given period of time
T and µ their mean in the same period. This is a specific
case of other common ways to measure volatility that can be
generalized as
ϑθ = E[|r − µ|θ] (2)
When θ = 1, volatility is measured as mean absolute deviation.
Returns can be absolute, i.e., r = pnew − pold. But more
generally they are relative, i.e., r = (pnew − pold)/pold. In
practice, it is also common to refer to logarithmic returns,
that are computed as r = log(pnew/pold).
Grenger [1] argues that volatility measures given above are
related to the risk measure developed by Luce [2]. In this
model, a measure of risk R is given as
R(f) = K1
+∞∫
0
|ρ|θf(ρ)dρ+K2
0∫
−∞
|ρ|θf(ρ)dρ (3)
where K1 and K2 are two constants, both ≥ 0, and ρ is
referred to returns, whose distribution is given by a density
function f . This definition satisfies two important axiomatic
properties given by Luce [3]. First, it is proportional to any
change of scale of returns, meaning that if we consider
ρ′ = αρ (with α > 0), we will get a distribution of returns
given by
fα(ρ
′) =
1
α
f(
ρ′
α
) =
1
α
f(ρ) (4)
Therefore, the associated risk is
R(fα) = Γ(α)R(f) (5)
where Γ(α) is a monotonic increasing function, assuming
Γ(1) = 1 for consistency. Second, there is a non negative
function U , with U(0) = 0, such that
R(f) =
+∞∫
−∞
U(f(ρ))dρ (6)
where U is expression of punctual measure of risk associated
to the probability of having ρ as return. Eq.(6) becomes Eq.(3)
if K1 = K2 = K and U(f(ρ)) = K|ρ|θf(ρ).
In the attempt of providing a measure of volatility different
from the common approach based on the standard deviation,
we investigate the application of fuzzy transform. Fuzzy
transform [4] is gaining interest for its characteristics in terms
of universal approximation, smoothing and reconstruction [5]–
[9]. We aim to exploit these features for volatility estimation.
This contribution is organized as follows: Section II provides
some preliminaries regarding fuzzy transform; Section III
presents the model of volatility measurement based on fuzzy
transform; Section IV discusses experimental results; Section
V outlines conclusions and future directions.
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II. PRELIMINARIES
Let I = [a, b] be a closed interval and x1, x2, . . . , xn, with
n ≥ 2, be points of I , called nodes, such that a = x1 < x2 <
. . . < xn = b. We consider as partition of I , a collection
of A1, A2, . . . , An of fuzzy sets, with Ai : I → [0, 1], with
i = 1, . . . , n such that
• Ai(x) = 0 if x ∈ [a, xi−1] ∪ [xi+1, b]
• Ai(x) > 0 if x ∈ (xi−1, xi+1)
• Ai(xi) = 1
• Ai(x) ≤ Ai(x′) for any x, x′ ∈ [xi−1, xi], x < x′
• Ai(x) ≥ Ai(x′) for any x, x′ ∈ [xi, xi+1], x < x′
•
n∑
i=1
Ai(x) = 1, for all x ∈ I
The fuzzy sets A1, A2, . . . , An are called basic functions.
If the nodes are equidistant, the partition is said uniform. The
fuzzy partition can be obtained by means of several basic
functions. The most common are the hat functions
Aj(x) =
 (xj+1 − x)/(xj+1 − xj), x[xj , xj+1](x− xj−1)/(xj − xj−1), x[xj−1, xj ]
0, otherwise
(7)
and the z-shaped basic functions
Aj(x) =

1
2
(
cos(pi
x−xj
xj+1−xj ) + 1
)
, x[xj , xj+1]
1
2
(
cos(pi
x−xj
xj−xj−1 ) + 1
)
, x[xj−1, xj ]
0, otherwise
(8)
The fuzzy transform (F–transform) [4] of a function f(x)
continuous on I with respect to {A1, A2, . . . , An} is the n–
tuple [F1, F2, . . . , Fn] whose components are computed as
Fi =
∫ b
a
f(x)Ai(x)dx∫ b
a
Ai(x)dx
. (9)
They minimize the following error functional
Φ =
∫ b
a
(f(x)− Fi)2Ai(x)dx, (10)
The inverse F–transform of f is defined as
fF,n(x) =
n∑
i
FiAi(x), xI (11)
It provides a smoothed approximation of function f .
In the case of time series, where the function f is known
only at a given set of points {t1, t2, . . . , tm}, we use the
discrete F–transform, whose components are defined as
Fi =
m∑
j=1
f(tj)Ai(tj)
m∑
j=1
Ai(tj)
, i = 1..n (12)
The discrete inverse F–transform is defined as
fF,n(tj) =
n∑
i
FiAi(tj), j = 1..m (13)
III. MEASURING THE RISK
Let us assume daily returns expressed as
rt =
pt − pt−1
pt−1
(14)
where pt is the price at day t and pt−1 the price the day before.
Logarithmic returns can be expressed as
rt = log
pt
pt−1
(15)
Given a time horizon T , historical volatility is computed as
σ =
√
E[R2T ]− E[RT ]2 (16)
that is the standard deviation of daily returns. The random
variable RT is represented by a sample of returns rt with
t ∈ T . Depending on the extension of T , we have different
measures of volatility. In general, volatility is computed by
looking back at past year, past quarter, past month or past
week.1
We consider the application of fuzzy transform, following
the procedure that is outlined below.
A. Partition
It is possible to choose any convenient uniform fuzzy
partition of time. As general rule, the support of sets should
be such that cardinality is preserved, that is
m∑
j=1
Ai(tj) =
∑
t∈supp(Ai)
Ai(t) = T i = 1..m (17)
For the sake of simplicity, we consider triangular fuzzy sets
Ai(t). This means that nodes should be distributed uniformly
at distance T each other, in order to meet the condition
expressed by Eq.(17), or equivalently that supp(Ai) = [τi −
T, τi + T ] where τi is the time node associated to the fuzzy
set Ai.
B. Baseline
We compute the fuzzy transform of daily returns as
Bi =
1
T
τi+T∑
t=τi−T
rtAi(t) (18)
The baseline is computed by means of the inverse transform
as
bt =
n∑
i=1
BiAi(t) (19)
The baseline plays the same role as the mean in computing
the standard deviation.
1Standard deviation is computed over the daily returns. In order to compare
volatility when computed over a different time resolution, we have to refer to
a time frame in common. Generally it is used the year, so that σA = σ
√
TA
where TA is the number of times the period falls in a year. This process is
called annualization. If standard deviation is computed according to the daily
returns,
√
TA =
√
252 that is the number of trading days in a year. We note
that TA is related to the frequency by which returns are collected and not to
the extent T by which we look at past values.
C. Deviation
First we compute the fuzzy transform of absolute returns as
Hi =
1
T
τi+T∑
t=τi−T
|rt|Ai(t) (20)
and its inverse
ht =
n∑
i=1
HiAi(t) (21)
Finally, we assume as measure of volatility
dt = ht − bt (22)
Making explicit the contribution provided by both terms,
we get
dt =
n∑
i=1
(Hi −Bi)Ai(t) = 1
T
n∑
i=1
(
τi+T∑
t=τi−T
|rt| − rt
)
A2i (t)
=
1
T
τi+T∑
t=τi−T
(
(|rt| − rt)
n∑
i=1
A2i (t)
)
≤ 1
T
τi+T∑
t=τi−T
(|rt| − rt)
(23)
being A2i (t) ≤ Ai(t) as Ai(t) ∈ [0, 1], thus
0 ≤ Λ2 =
n∑
i=1
A2i (t) ≤
n∑
i=1
Ai(t) = 1 t ∈ {t1, . . . , tm}
(24)
D. Properties of deviation
It is trivial that dt ≥ 0. But it is more interesting to observe
that it fulfills both conditions laid down by Luce [2], [3] to
be an appropriate measure of risk. Indeed, with respect to the
first condition (see Eq.(5)), if r′t = αrt (with α > 0), we get
B′i =
1
T
τi+T∑
t=τi−T
r′tAi(t) =
1
T
τi+T∑
t=τi−T
αrtAi(t) = αBi (25)
and
b′t =
n∑
i=1
B′iAi(t) =
n∑
i=1
αBiAi(t) = αbt (26)
In addition,
H ′i =
1
T
τi+T∑
t=τi−T
|αrt|Ai(t) = αH ′i (27)
and its inverse
h′t =
n∑
i=1
αHiAi(t) = αht (28)
As a consequence, we obtains
d′t = h
′
t − b′t = α(ht − bt) = αdt (29)
With respect to the second condition (see Eq.(6)), we
consider the set R = {rt}, with t ∈ [τi−T, τi +T ]. Since the
time series is discrete, R is finite. We can rewrite Eq.(23) as
dt =
1
T
τi+T∑
t=τi−T
(|rt|−rt)Λ2 = 1
T
∑
rt∈R
(|rt|−rt)Λ2ψ(rt) (30)
where ψ(rt) is the number of times rt occurs in R. Since,
data points are finite, also possible values of occurrences are
finite, therefore
dt =
∑
rt<0
1
T
2|rt|Λ2ψ(rt) +
∑
rt≥0
1
T
(rt − rt)Λ2ψ(rt) (31)
In summary,
dt =
∑
rt<0
2
T
Λ2ψ(rt) · |rt| =
∑
rt<0
2q
T
Λ2ϕ(rt) · |rt| (32)
where ϕ(rt) =
ψ(rt)
q and q is the number of data points. Thus,
ϕ(rt) is the frequency of return rt. On the other side,
+∞∫
−∞
U(ϕ(rt))drt =
∑
rt∈R
U(ϕ(rt))rt
=
∑
rt<0
U(ϕ(rt))rt +
∑
rt≥0
U(ϕ(rt))rt
(33)
By comparing Eq.(33) to Eq.(32), we get
U(ϕ(rt)) =
{
2qΛ2
T ϕ(rt) rt < 0
0 rt ≥ 0
(34)
This function is non negative and U(0) = 0 as required by
Luce conditions. It is interesting to observe that the proposed
measure of volatility is zero for positive returns. This is not
the case of volatility measured as standard deviation.
IV. EXPERIMENTAL RESULTS
For testing the quality of the proposed model, we considered
the application to NIFTY 50 that is the benchmark index used
by National Stock Exchange of India for the equity market.
The period used for our analyses is 20th September 2000 and
9th February 2017, entailing 4040 days. The index perfor-
mance and daily returns during this period are respectively
plotted in Fig.4 and Fig.5.
Volatility computed by means of fuzzy transform (and its
inverse) is shown in Fig.1 at different time horizons, i.e. yearly
(252 days), monthly (21 days) and weekly (5 days), where
on y-axis we report ρ = r − β, that are baseline-adjusted
daily returns, where β is the FT-baseline. Volatility measured
by means of fuzzy transform looks smoother if compared
to volatility computed as standard deviation and outlined in
Fig.2. In this case we reported mean-adjusted daily return,
that are given as ρ = r− µ. This property is due to the fuzzy
partition that offers a gradual transition from one node to the
following. Having fixed nodes is also the reason for which FT
volatility is better centered than STD volatility. This effect is
due to different procedures: FT makes use of fixed nodes over
the time, while STD makes use of a rolling windows moved
ahead step by step. This is a minor effect that can be easily
compensated by aligning the two measures by sliding half
of the period one of the two (backward the STD or forward
the FT). In order to reduce the effect of delay in comparing
the two measures, we used a centered rolling window for the
STD volatility. The point-wise comparison is given by Fig.6.
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Fig. 1. Annual volatility computed by means of fuzzy transform
Although smoother, FT volatility seems to follow the trend
given by the series of daily returns. Thus it is related to values
given by STD volatility. This aspect is further investigated by
looking at the scatter plots given by Fig.3. The figures depicts
the high correlation shown by both volatility measures, that is
0.9167 on yearly basis, 0.8755 on monthly basis and 0.7523
on weekly basis (Pearson’s correlation coefficients). This is
interesting if we consider that FT volatility is computed using
respectively only 16 (yearly), 192 (monthly) and 808 (weekly)
points against the over 4000 points used to outline the STD
volatility. Correlation becomes weaker by shortening the time
horizon, and FT provides in general a higher level of volatility.
It is worth to note that STD volatility measure provides an
interpretable result in terms of return probability distribution,
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Fig. 2. Annual volatility computed by means of standard deviation
although this stands when returns are Gaussian distributed.
V. CONCLUSIONS
In this paper we proposed an alternative way to measure
volatility that is based on fuzzy transform and its inverse.
Preliminary experimentation on NIFTY 50 stock index shows
the measure obtained offers a more regular/stable and better
centered measure of volatility when compared to volatility
measured by standard deviation. The nature of FT value is
instead related to difference between absolute and signed
returns. Both are able to mitigate the effect of extreme returns.
This work is preliminary and future research should further
investigate analytical and statistical properties of this measure.
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Fig. 3. Scatter plot of values provided by FT and STD volatilities
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